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Abstract---A derivation of sectional equations for mass exchange between colliding droplets during head- 
on collisions of multisize (polydisperse) sprays is presented. The collision terms of these equations account 
for binary collisions which lead to coalescence and immediate break-up into two new droplets which differ 
in mass from the original droplets. That is, mass is exchanged between the original droplets. The amount 
of exchanged mass is allowed to vary between 0 and 100% of the mass of the donor droplet. The new 
equations are employed here to analyze the time evolution in droplet size distributions of two head-on 

colliding polydisperse sprays. 

1. INTRODUCTION 

In pioneering experimental studies carried out by Ash- 
griz and Poo [1] (see also Ashgriz and Givi [2, 3]), 
and independently by Jiang et al. [4], evidence has 
been provided for the phenomenon of mass exchange 
between droplets during head-on collisions. For 
example, Ashgriz and Poo [1] presented frame by 
frame color photographs showing a 'large' red droplet 
colliding with a smaller white droplet. The two drop- 
lets coalesce, and immediately separate and form two 
new droplets, a new red droplet, smaller in size, and a 
larger pink droplet. 

Thus, in the case of collisions between two multisize 
(polydisperse) sprays, mass exchange between drop- 
lets occurs. At each time instant, the overall size dis- 
tribution of droplets in the arena where the collisions 
take place is comprised of a combination of droplets 
(from the two original sprays) which have not par- 
ticipated in colli,iions and the newly formed droplets 
which have exchanged mass between them. 

The purpose c,f the present study is to analyze the 
evolution in the overall droplet size distribution and 
the evolution in size distributions of the two colliding 
sprays. To perform this task, we first present a new 
derivation of sectional equations for mass exchange 
between droplets, then we present time-dependent 
solutions of these equations for two polydisperse 
sprays of arbitrary size distribution which are involved 
in head-on collis:ions. 

The condition:~ under which droplets coalesce have 
been analyzed by various researchers (e.g. refs. [5-7], 
to cite just a few contributions). Thus, for the sake 
of generality, inertial coalescence of droplets is also 
accounted for irt the present study. The above ter- 
minology applies to coalescence due to collisions 
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between droplets that travel in the same direction with 
slightly different speeds [8-11]. Experimental evidence 
for the occurrence of inertial coalescence was provided 
by Yule et al. [12] who presented data for the down- 
stream evolution in drop-size histograms indicating 
that large droplets that do not exist at upstream sta- 
tions are detected further downstream. An inde- 
pendent theoretical simulation [8] of the downstream 
evolution of local drop-size distributions in which 
coalescence effects were taken into account agreed 
well with the above-described experimental results, 
thus supporting the hypothesis of inertial droplet 
coalescence in decelerating flows. Since the math- 
ematical treatment of inertial coalescence via a sec- 
tional approach is well documented [8-1 l, 13, 14] and 
widely applied [8, 15, 16], it will not be repeated in the 
present study. Thus, as stated above, we shall focus 
here only on the derivation of new sectional equations 
for mass exchange between droplets during head-on 
collisions. 

2. SECTIONAL EQUATIONS FOR MASS 
EXCHANGE BETWEEN DROPLETS 

We consider a small control volume in which col- 
lisions between droplets of two opposing sprays take 
place (the schematic description is given in Fig. 1). 
Next, let us assume that one spray consists of red 
droplets whereas the other spray consists of blue drop- 
lets. Each spray is polydisperse (i.e. multisize) and has 
a discrete size distribution : ni~r) for the 'red' spray and 
ni(b) for the 'blue' spray. Here, ni is the number density 
of i-mer droplets, i.e. of droplets consisting of an 
integer number of monomers i, where a monomer is a 
basic mass unit, e.g. a mass of a droplet 1 #m in 
diameter. 

The rate of change of the number concentration of 
the 'red' i-mer droplets, due to collisions with 'blue' 
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NOMENCLATURE 

a strain rate ~i.c. 
Bzj+ ~ sectional evaporation coefficient, 

accounting for droplets from section 
l +  1 that are added to section I during 
their evaporation 

Ct sectional evaporation coefficient, t 
accounting for evaporation of u 
droplets within section l and of 
droplets that 'move'  from section l to U~ 
section l -  1 /~1 

Dm non-dimensional  Damkohler-like 
numbers defined by equations (39)- 
(41) W e  
evaporation rate x 
frequency of losing a monomer  from 
an i-mer droplet by evaporation 
mass of an i-mer droplet in terms of 
number  of monomers 
mass of a j -mer droplet in terms of 
number  of monomers 
number  of monomers in the largest 
droplet in section l 

kt_~ + 1 number  of monomers in the 
smallest droplet in section l 

l drop-size section 1, bounded by the 
upper and lower limits Lt and U~, 
respectively 

L~ lower limit of  drop-size in section l 
m number  of drop-size sections 
th I mass of a single monomer,  also mass 

of a droplet of the size of a single 
monomer  

ne number density of i-mer droplets 
hi(b) number  density of 'blue'  i-mer droplets 
ni(o number  density of 'red' i-mer droplets 
p mass of a 'purple'  droplet in terms of 

number  of monomers 
p '  a fraction of the mass of a 'purple'  

droplet 
p" conjugate fraction of the mass of a 

'purple'  droplet 
q a general property of the spray, see 

equation (8), may represent : 
number  density, or mass density, or 
surface area density of the spray 
upon the proper choice of the 
coefficients c~ and 7 

Q~ integral property of the spray within 7 
the lth drop-size section, see equation 
(11), may represent : number  density, 
or mass density, or surface area 
density of the spray upon the proper 
choice of the coefficients ~t and 

Qtotal sum of Q values of all drop size 
sections 

r radius of a colliding droplet 

E 
E, 

i 

J 

kt 

source term, representing droplets 
subtracted from or added to a group 
of droplets of a kind described by an 
index appended to the source term 
notation 
time 
relative velocity at impact between 
colliding drops and the host gas fluid 
upper limit of drop-size in section l 
volume of a single monomer,  also 
volume of a droplet the size of a 
single monomer  
Weber number,  see equation (43) 
length dimension of control volume. 

Greek symbols 
c~ a coefficient whose value determines 

(together with the proper choice for 
7) the nature of the general spray 
property q and the integral property 
Q ; for ~ = ~. = 1 the above properties 
are number  densities, for c~ = ~v = gl (or 
rill), they are volume (or mass) 
densities, and for ~ = cq = nl /362/3g 2/3 

they are surface area densities 
fli<Oj<b) collision frequency between a 'red' i- 

mer droplet and a 'blue'  j -mer  droplet 
/~(b)x(,M(b) sectional collision coefficient 

between 'red' droplets of section K 
and 'blue'  droplets of section M, 
accounting for the reduction in the 
Q property of the 'blue'  droplets of 
section M defined by equation (38) 

J~(r)x(r)M(b ) sectional collision coefficient 
between 'red' droplets of section K 
and 'blue'  droplets of section M, 
accounting for the reduction in the 
Q property of the 'red' droplets of 
section K defined by equation (37) 

fltc(r),M(b),t(p) sectional collisional-formation 
coefficient, accounting for the 
formation of new 'purple'  droplets in 
section/(p) by collisions between 
'red' droplets from section K and 'blue'  
droplets from section M, defined by 
equation (31) 
a coefficient whose value determines 
(together with the proper choice for 
, )  the nature of the general spray 
property q and the integral property 
Q ; for ~ = Yn = 0 the above properties 
are number  densities, for 7 = 7~ = 1 (or 
m~), they are volume (or mass) 
densities, and for Y = Ys = 2/3 they are 
surface area densities 



r/ mas,; fraction of a donor droplet that 
is transferred to another droplet during 
collision (0 < q ~< 1) 

0(condition) condition function, see 
equation (17), which equals unity if 
the condition is satisfied or zero 
otherwise 

p density of the liquid of which the 
droplets are comprised 

a surface tension 
z characteristic time. 

Subscripts 
i i-mer droplets ; droplets consisting of 

an integer number of monomers i 
i(b) i-mer droplet-- 'blue '  
i(r) i-met droplet- - ' red '  
j j -met  droplets ; droplets consisting of 

an integer number of monomers i 

j (b) j-mer droplet-- 'blue '  
j (r)  j-mer droplet - - ' red '  
K(r) section K-- ' r ed '  
l(p) sect ion/-- 'purple '  
m the number of the highest section 
M(b) section M-- 'b lue '  
LDS large droplet donates mass to a small 

droplet 
SDL small droplet donates mass to a large 

droplet. 

droplets and due to evaporation can be described by 
the following set of coupled differential equations for 
H I ( 0 ,  n 2 ( r ) . . . ,  etc. 

d c~ 
~tn,<,) = -n i<r )  ~z'.., fli(r)j(b)nj(b) collisions 

j(b; = 1 

-- E~(r)n~<,) + El ,  I toni+ ~ (r) evaporation 

"I.C. + Si<r) inertial-coalescence 

i(r) = 1,2, 3 . . . .  (1) 

Superscripts 
I.C. inertial coalescence, coalescence due to 

collisions between droplets which 
travel in the same direction with 
slightly different speeds. 

i.0 

"~0.8 

i 0.6 

o.41 
~ ~ 0.2 

In the above, fli<Oj(b) is the collision frequency between 
a 'red' i-mer droplet and a 'blue' j-mer droplet, and Ei 
is the frequency of losing a monomer from an i-mer 
droplet by evaporation. The source term ~ rep- 
resents inertial coalescence due to collisions between 
droplets of the 'red' spray which travel in the same 
direction with slightly different speeds. Explicit math- 
ematical expressions for this source term appear in 
other publications [8, 11, 13, 14] and hence will not 
be repeated here. In the present study, we focus on 
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Fig. 1. Initial drop-size histograms of the 'blue' spray and the 'red' spray, and diagram of a head-on 
collision between the two sprays. 
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the mathematical derivation of the terms that are 
unique to head-on collisions. These are represented 
by the first term on the right-hand side of equation 
(1). 

Similarly, the rate of change of the number  con- 
centration of the 'blue'  i-mer droplets can be written 
a s  

d ~, fli(b),j(r)l~j(r) ~ f / i ( b )  ~--- - -  n i ( b )  / ( r ) =  1 
collisions 

- -  Ei(b)ni(b) ÷ E i +  1 ( b )n i+  ] (b) evaporation 

"I.C. + Sg(b) inertial-coalescence 

i ( b ) =  1,2,3 . . . .  (2) 

As a result of a collision between a 'red' droplet i(r) 
and a 'blue'  droplet j(b),  mass is exchanged between 
the two colliding droplets. The droplet that loses mass 
will be termed here the donor droplet. After losing 
mass, it will be called a 'purple'  droplet, as it does not  
retain its pure original color, since during a collision 
the two colors of the colliding droplets partially blend 
before the separation of the newly formed droplets. 
Thus, these newly formed droplets will be termed 'pur- 
ple' droplets and their 'mass'  in terms of monomers 
will be denoted by p '  and p". If we denote by q the 
mass fraction of the donor droplet that is transferred 
to the other droplet, then if i donates to j :  

p ' =  ( I - -q ) /  (3) 

p" ---j+qi (4) 

and in the case t h a t j  donates to i: 

p '  = ( 1 - q ) j  (5) 

p" = i+r / j  (6) 

where i and j denote the 'mass'  in terms of monomers 
of the two colliding droplets. Note that i and j are 
integers, whereas p '  and p" may consist of  fractions of 
monomers since the value of q can be any value 
between zero and unity, i.e. 

0 < q ~< 1. (7) 

For example, the diameters of droplets before and 
after collision as they appear in photographs in the 
paper by Ashgriz and Poo [1] show for one of the 
cases mass exchange that corresponds approximately 
to q = 0.82. This is a fraction of the mass of the large 
droplet donated to the small droplet. 

To account for changes in the surface area of drop- 
lets or the number  density of droplets, we introduce a 
general property of the spray for each of the colliding 
droplets : 

qi(t) = ai'/ni(t) 

where i can be 'red' or 'blue' ,  i.e. 

(8) 

i = i(r) or i(b) (9) 

and since 'purple'  droplets may consist of fractions of 
monomers, for a 'purple'  droplet the general property 
q is defined as 

q(p,t)  = aprn(p, t) (10) 

where p represents both p '  and p" and n(p, t) is a 
continuous number  density function for the 'purple'  
droplets. It represents the number  of 'purple'  droplets 
in the size range betweenp andp  + dp, per unit  volume, 
at time t. 

In equations (8) and (10) the power 7 is equal to 
zero, or unity, or 7 = 2/3, depending on the property 
of interest. For  example : for ?n = 0 and an = 1, qi is 
simply equal to the number  concentration hi(t) ; for 
7v = 1, [and av = gl (or r~) ,  which is the volume (or 
mass) of a single monomer],  qi is the volume (or mass) 
of the i-mer droplets; and for 7s = 2/3 (and 
a s = 7~1/362/3/~/3), q~ is the surface area of the i-mer 
droplets. 

Then, following refs. [8-11, 13, 14, 17 19], we divide 
the entire droplet size domain into m arbitrary sec- 
t ions;  see Table 1. The spray is thus represented by 
bar-like drop-size histograms as measured by exper- 
imentalists [12, 20-23] at various spatial locations. 
Next we define QM) to be an integral property of the 
spray within the lth section, that is 

Q,(I)= ~ ai~n,(t) l =  1,2,3 . . . .  m (11) 
i =  L I 

whereas for the continuous size distribution of 'pur- 
ple' droplets, the summation in equation (11) is 
replaced by an integral 

fL I(p) Q,(p)(t) = ap~n(p, t) dp (12) 
I(p) 

where Lt and Ut denote the lower and upper bounds, 
respectively (of section l), i.e. they denote the number  
of monomers in the smallest and largest droplets, 
respectively, in the lth section. Here the limits of each 
lth section may be the same for each 'color'  or one 
may divide the droplet-size spectrum of each color 
using a different division. Thus for the sake of gener- 
ality, one may distinguish between the limits Ul and 
Lt for each color by allowing 

! = l(r) or l(b) or l(p). (13) 

The total number  of sections may also be different for 
each 'color' ,  i.e. 

m = m(r) or re(b) or re(p). (14) 

The newly formed 'purple'  droplets are counted in 
the proper lth purple section, l(p), according to their 
size. That  is, p '  or p" belong to section l if 
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Table 1. Sectional '.tower and upper limits given in terms of droplet diameters, initial drop-size distributions and sectional 
evaporation coefficients 

Initial drop-size distributions 
Lower limit Upper limit (t = 0) 

Section no. of section j of section j QJ (blue) QJ (red) 
j Lj [#m] Uj ~m] atota~ Qtotal 

Sectional evaporation coefficients 

c, t~jj+, 
Lum- 21 E [t~m-~] 

1 1 10 0.020 0.010 
2 10 20 0.080 0.020 
3 20 30 0.120 0.030 
4 30 40 0.140 0.050 
5 40 50 0.155 0.095 
6 50 60 0.160 0.130 
7 60 70 0.135 0.190 
8 70 80 0.105 0.245 
9 80 90 0.065 0.175 

10 90 100 0.020 0.055 

4.133 x 10 -2 2.141 × 10 -3 

8.568 x 10 -3 1.579 × 10 -3 
3.947 x 10 -3 1.216 x 10 -3 
2.432×10 3 9.836x10 4 
1.721 x 10 -3 8.242 x 10 -4 
1.319 × 10 -3 7.086 x 10 -4 
1.063 x 10 -3 6.213 × l0  -4  

8.876 x 10 4 5.530 × 10 -4 
7.604x10 4 4.981×10 4 
6.642 x 10 -4 0.000 x 10 +° 

L/(p) ~<p'~< Ul(p) (15) 

o r  

L/(p) ~ p "  ~ Ul(p). (16) 

Thus, for later use we present the following discrete 
function 

0{condition} = I = I i fcondi t ionis  satisfied (17) 

[ 0 otherwise. 

For  example, in terms of  this function, if  p '  belongs 
to sect ion/(p)  

O{Lttp) <<.p' <~ Ut(p)} = 1. (18) 

Next, we write all the possible collisions between 
the ' red'  droplets and 'blue'  droplets as 

~'~.r'~bfli(r).j(b)l'li(r)nj(b) (19) 

where Y~r and Zb stand for the summations over the 
whole range of  sizes of  the 'red'  and 'blue' droplets, 
respectively. These summations can be rewritten as 
summations over all ' red'  and 'blue' sections in the 
following way 

m(r) m(b) ( U ~  r' U~ b' ) 
~'~r ]~ b = ~ ~ (20) 

X(r) = l M(b) = I \fir) = LK(r) j(b) = Lm(b)/ 

which will be useful later. Here the summations within 
the brackets are carried out over all the ' red'  droplets 
that belong to arty section K(r) and over all the 'blue' 
droplets that belong to any section M(b). Then, one 
runs over all the 'red'  sections by varying K(r) from 
K(r) = 1 up to the upper 'red'  section re(r), and over 
all the 'blue'  sections from M(b) = 1 up to m(b). This 
is expressed in equation (20) by the summations out- 
side of  the brackets. 

Of  all the abo~e possible collisions between the 'red'  
and the 'blue'  droplets, only those which form droplets 
p '  and/or  p" that satisfy the conditions expressed by 
conditions (15) and/or  (16) contribute mass to the 
/th 'purple'  section l(p). Therefore, we employ the 
function 0 [see equation (17)], in order to express the 
rate of  change of  the integral quantity Qt(p) a s  follows 

d 
~Qt(p) = ZrZb[0{Lt(p)<~p'<~ Ul(p)}O~(p') ~ 

+O{L~(p) ~ p" <~ U.p)}~(p")~] 

X fli(r)d(b) ni(r) r/j(b) 

- -  C/(p)Ql(p) ÷ BIj+ l(p) Q t +  l(p) 

/(p) = 1,2,3 . . . . .  m(p). (21) 

The last two terms on the right-hand side of  equation 
(21) represent evaporation of  'purple'  droplets. 
Detailed derivation of  these terms is given in previous 
publications [17, 18] and will not  be repeated here. 
The first term expresses the decrease in Q~ due to the 
size reduction of  evaporating droplets within section 
l and as a result of  droplets that leave section l to join 
section l -  1. However,  due to evaporation of  droplets 
in section l ÷  1, droplets are added to section/.  This is 
described by the second term. All the above effects are 
incorporated in the sectional evaporat ion coefficients 
Ct and Bu+~ (see refs. [17, 18]) that are given below 
in a discrete form which will be applicable later for 
treating evaporation of  droplets within the sections of  
the 'red'  and 'blue' sprays: 

= ( k , ) ,  Ek,+, 
B,.,+I \ k ~ / /  k,+l - k, (22) 

= ( kl_ 1 ~7 Ekl_~+l 1 
C, \ k t _ a + l J  k,-k,_1 +k,-kt_~---~ 

k, 1 
X Z ~E~[ir--(i--1) ~] (23) 

i=k~_l+ 1 

where the number of  monomers  in the upper limit of  
section l, (U3, is denoted by kt and therefore the lower 
limit Lt consists of  k~_ 1 + 1 monomers.  For  the 'purple'  
spray which is treated in a continuous manner within 
each section, the above sectional evaporat ion 
coefficients are presented in the following continuous 
form [18]: 
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( Ut )'~' E(L,+,) 
BI'I+ I = ~ UI+ I ~ (jt (24) 

CI = E(Lt) + 
UI-- UI_ 1 U ! -  Ug 1 ~L t U W 

(25) 

Numerical  values for the above coefficients are listed 
in Table 1. 

The contribution to Q~ of  each newly formed 'pur- 
ple' droplet is described in equation (21) by the terms 
c~(p') r and ~(p")~ which represent either mass or sur- 
face area or number density of  droplets, depending on 
the property of  interest [see equation (8)]. The mass 
values (in terms of  monomers)  for p '  and p" are func- 
tions of  i(r) andj(b) .  Hence, the summations in equa- 
tion (21) cannot be carried out without specifying 
the explicit mathematical  descriptions for p '  and p". 
Nonetheless, we find it more convenient to proceed 
first with the mathematical  sectional averaging of  the 
summation terms in equation (21) and only later to 
specify p '  and p". 

Thus, to carry out  sectional averaging, we follow 
the procedures described in refs. [14, 18]. That  is, in 
equation (21) we replace each n~ that belongs to any 
section K (or M)  by an average value of  the integral 
quantity QK (or QM). For  example, for each 'red'  i- 
mer droplet i(r) that lies within the limits of  section 
K, i.e. for 

LK <<- i(r) ~< Ux (26) 

we take n~(r) to be 

Qx 
= . (27) 

n~(r) c~[i(r)]'(UK-- LK) 

Similarly, for each 'blue'  j -mer  

LM <~ j (b) ~< UM (28) 

nj(b) is replaced by 

QM 
(29) 

nj(b) = c¢[J(b)]~ ( UM- LM) " 

Then, substituting equation (27) and (29) into equa- 

tion (21) finally leads to the following sectional equa- 
tion for Q/~p~ 

d m(r)  re(b)  

d~ QI(p, = Z E 
K(r)  = I M ( b )  = 1 

× flx(r),M(b).lw)QK(oQM(b) collisional formation 

-- C~p~ Q~v) + Bt~p~j+ ~ (p) Qt+ ~(o~ evaporation 

/(p) = 1,2 . . . . .  m(p) (30) 

where the sectional collisional-formation coefficients 
flX,).M(b),~v), which describe the formation of  new 
'purple '  droplets in section l(p) by collisions between 
'red'  droplets and 'blue' droplets from sections K(r) 
and M(b),  respectively, can be expressed as 

ux~r~ UMIb I 

~K(r),M(b),I(P) = Z 2 
i(r) = LK( 0 j ( b )  = Lm(bl 

[O{Ll(p) <~ p" <~ U/(p)}Ct(p') ~ 

+0{Lt(p) ~< p" ~ Ut(p)}C~(p") r] # 

0~2 [i(r)] r (Ux(r) -- LK~r))[j(b)] ~' (UM(b) - LM(b)) P'i(r)d(b) 

l(p) = 1, 2 . . . . .  m(p) 

K(r) = 1,2 . . . . .  m(r) 

M(b) = 1,2 . . . . .  m(b). (31) 

A sample of  the numerical values for the above 
coefficients is presented in Table 2. 

As we have already mentioned, p '  and p" are func- 
tions of  i(r) and j(r),  and therefore one cannot carry 
out  the summation in equation (31) before specifying 
the explicit mathematical  descriptions for p '  and p". 
This task is performed next. 

The mass value (in terms of  monomers)  for p '  and 
p" depends on whether the ' red'  droplet is the donor  
or the 'blue' droplet is the donor. In Ashgriz and Poo's  
experiment [1], the larger droplet contributes mass to 
the smaller one. Thus, this case (which will be denoted 
by the subscript LDS, i.e. large donates to small) can 
be mathematically expressed, according to equation 
(3)-(6), as follows 

Table 2. Sample of the numerical values for the head-on collision coefficients flK(r),M(b)l(p) for r /= 0.4 and the case of large 
droplets that donate mass to small droplets, LDS, which were employed in our computationst 

0 0 0 0 0 0 0 203.15 242.41 107.02 
0 0 0 0 0 0 0 7.2812 8 . 9 1 7 2  3.5599 
0 0 0 0 0 0 0 1.7849 2 . 2 2 2 8  0.6113 
0 0 0 0 0 0 0 0.9731 0.9284 0.0689 
0 0 0 0 0 0 0.1251 0.7354 0.3413 0 
0 0 0 0 0 0.2370 0.3321 0.3855 0.0775 0 
0 0 0 0 0.1251 0.3321 0.0610 0 . 1 4 9 1  0.0502 0 

203.15 7.2812 1.7849 0.9731 0.7354 0.3855 0.1491 0.1294 0.0369 0 
242.41 8.9172 2 . 2 2 2 8  0.9284 0 . 3 4 1 3  0 . 0 7 7 5  0 . 0 5 0 2  0.0369 0.0088 " 0 
107.02 3 . 5 5 9 9  0.6113 0.0689 0 0 0 0 0 0 

t Coefficients are normalized by a reference collision parameter flrof = 0.13086. The matrix given above is for l(p) = 7 with 
K(r), M(b) = 1, 2, 3 . . . .  10. 
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(P')LDS = 0{i(r) ;~> j(b)} [(1 - eft(r)] 

+0{ j (b )  > i(r)}[(1-r/)j(b)] (32a) 

(P")LDS = 0{i(r) /> j(b)} [j(b) + ~/i(r)] 

+0{ j (b )  > i(r)}[i(r) +r/j(b)]. (33a) 

For  the sake of generality, we also consider the 
possibility that ,;mall droplets will transfer mass to 
larger ones. In this case (which will be denoted by the 
subscript SDL), the inequality signs of the various 0 
functions in equations (32) and (33) will be reversed 

(P')soL = 0 { i ( r )  :.< j ( b ) }  [(1 - q ) i ( r ) ]  

+0{ j (b )  < i ( r)}[(1-q)j(b)]  (32b) 

(P")SOL = 0{i(r) ~< j(b)} [j(b) + r/i(r)] 

+0{ j (b )  < i(r)}[i(r) +~/j(b)]. (33b) 

Finally, we substitute equations (32) and (33) into 
equation (31) and employ the summations within the 
various sections to obtain /~K~O.M~b)J~p)" Examples of 
numerical values obtained for these sectional col- 
lisional-formation coefficients, for a collision kernel 

/~(r)j(,) = fl([i(r)] 2/3 + [J(b)] 2/3) (34) 

which represents an effective collisional cross-section 
area, are presented in Tables 2 and 3. Once these 
sectional collisional-formation coefficients are evalu- 
ated, solutions of the set of  intercoupled sectional 
equations, equation (30), can be derived. These sec- 
tional solutions for the 'purple'  droplets also depend 
on the evolutiorL in droplet size distributions of the 
'red' and 'blue'  droplets which are presented by equa- 
tion (1) and (2) in discrete forms. Thus, it is also 
necessary to re-express equation (1) and (2) in a sec- 
tional form. This yields the following sectional equa- 
tions : 

for 'red' droplets : 

d 
~ OK(r) = 

m(b)  

--QK(r) Z ~(r)K(O.U(b)Qu(b) 
M(b)  = 1 

- -  C K ( r )  Q K ( r )  + BA(r).K+ 1 (r) Qr+ ~ (r) 

"I.C. + Sx(r) 

for 'blue'  droplets : 

d 
~ aM(b) = 

collisions 

evaporation 

inertial coalescence 

K(r) = 1,2 . . . . .  m(r) (35) 

m(b) 

--QM(b) ~ ~(b)x(r).g~b)Qx(r) collisions 
K(r) = 1 

- -  CM(r) QM(b) + BMO,),M+ 1 (b) QM+ 1 (b) evaporation 

"LC. + SM(b) inertial coalescence 

M(b) = 1,2 . . . . .  m(b). (36) 

In the above, the sectional-collision coefficients do 
not  depend on the size of the newly formed 'purple'  
droplet [as in equation (31)]. Thus, all the 0 conditions 
that appear in equation (31) will not  be present in the 
sectional-collision coefficients of equation (35) and 
(36). The only contribution in equation (35) to the 
Qk(r) quantity due to a collision of each i-mer 'red' 
droplet will be a reduction in Q by c~[i(r)]L Thus 

/~(r)K(O,g~b~ 

OK(r) eM(b) ~[i(r)]~ 

i(o = L.(. j(b) =L~,,~, ~2 [i(r)]r (UK(r) - -  LK(r )) 
× [j(b)]~(UM(b~--Lu(b)) 

(37) 

Table 3. Sample of the numerical values for the head-on collision coefficients 
/~(r)g~r).u(b) and/3(b)x(r)u(~) which were employed in our computationst 

K M K M 

/~(r) 4, 1 = /~(b) 1, 4 = 84.127 
/~(r) 4, 2 = /~(b) 2, 4 = 3.3662 
/~(r) 4, 3 = /~(b) 3, 4 = 0.9212 
/~(r) 4, 4 = /~(b) 4, 4 = 0.4426 
/~(r) 4, 5 = fl(b) 5, 4 = 0.2753 
/~(r) 4, 6 = /~(b) 6, 4 = 0.1967 
fl(r) 4, 7 = /~(b) 7, 4 = 0.1526 
fl(r) 4, 8 = fl(b) 8, 4 = 0.1247 
fl(r) 4, 9 = fl(b) 9, 4 = 0.1055 
fl(r) 4, 10 = fl(b) 10, 4 = 0.0916 

tCoefficients are normalized by a reference collision parameter 
flrer = 0.13086. 
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whereas the sectional-collision coefficient in the equa- 
tion for the rate of change of QM(b) will consist of a 
term ~[j(b)]' in its numerator. That is 

UKIr ) UM(b) 

] ~ ( b )  K(r)'M(b) = 2 2 
i(r) - LKtr) j(b) = LM(b) 

~[j(b)] ~ 
fli(r),j(b). 

~2 [i(r)lr ( Ux(o --  Ltc(r)) [j(b)] '/(UM(b) -- LM(b)) 

(38) 

A sample of the numerical values of the above 
coefficients is presented in Table 3. 

Solutions of equation (30), (35) and (36) were car- 
ried out via a numerical integration. Results are pre- 
sented in terms of non-dimensional Damkohler-like 
numbers for the head-on collision rates : 

Din(collision) = - -  

for the rate of evaporation : 

"(convection 

"Ccollision 
(39) 

D,,(evaporation) - z . . . . . .  t ion (40) 
'['evaporation 

and for the inertial coalescence rate : 

"Cconvection 
O m (inertial coalescence) (41) 

~'inertial coalescence 

where z is a non-dimensional time 

1 
17 . . . . . .  tion = -- (42) 

a 

where a is the strain rate. 

3. RESULTS AND DISCUSSION 

First we present results for the problem of mass 
transfer between the droplets of the two sprays ('blue' 
and 'red') due to collisions between droplets, but with- 
out evaporation. Mass histograms in Fig. 2(a)-(c) 
show the build-up with time of 'purple' droplets on 
account of the 'blue' and 'red' droplets. (Note that 
the time evolution is presented in our figures along a 
'diagonal line' from the lower left corner to the upper 
right.) 

When droplet evaporation is considered (see Fig. 
3), the mass concentration of 'purple' droplets 
becomes much smaller than that of the previous case 
in which droplet evaporation was not included. The 
reasons for this behavior are twofold: first, some of 
the 'purple' droplets manage to evaporate; and 
second, evaporation hinders the rate of head-on col- 
lisions since the number and size of the colliding drop- 
lets are reduced by evaporation. [The reduction in size 
of the colliding droplets reduces the collisional cross- 
section area, see equation (34).] 

On the other hand, the rate of head-on collisions is 
also the rate of 'destruction' of 'blue' and 'red' drop- 
lets. Thus, evaporation also hinders the rate of 

'destruction' of 'red' and 'blue' droplets. Under cer- 
tain operating conditions, this may lead to the fol- 
lowing interesting, unexpected, result. That is, during 
head-on collisions, a non-evaporating spray may 
reach a lower concentration than that of an evap- 
orating spray, since more droplets of the non-evap- 
orating spray can be 'destroyed' by collisions. 
Compare, for example, the concentration of the non- 
evaporating 'red' spray of z = 0.24 (Fig. 2) with the 
concentration of the evaporating 'red' spray at 

= 0.28 (Fig. 3). 
When inertial coalescence of droplets within the 

'red' spray and within the 'blue' spray are also con- 
sidered in our computations, the various size spectra 
are shifted to the right. This is due to the creation of 
large droplets on account of smaller droplets that 
coalesce (see Fig. 4). 

In Fig. 5, we compare the evolution in the overall 
('blue' + ' r ed '  + 'purple') mass concentration his- 
tograms for three different situations, namely: (a) 
head-on collisions only; (b) with evaporation; and 
(c) with evaporation and inertial coalescence. As 
expected, the overall mass concentration is drastically 
reduced due to evaporation of droplets irrespective of 
what may happen to droplets of a certain kind (see 
previous discussion of the evolution in concentration 
of 'red' non-evaporating droplets vs evaporating 
ones). 

For case (a) in which only head-on collisions are 
considered, the overall size histogram shifts slightly 
to the left, since during the head-on collisions large 
droplets donate mass to small droplets. On the other 
hand in case (c), the creation of large droplets by 
coalescence of smaller droplets is noticeable. 

When the conditions are such that large droplets 
donate 80% of their mass during head-on collisions 
(see, for example, our previous discussion of the exper- 
imental results presented by Ashgriz and Poo [1]), 
then the size histogram of the newly formed 'purple' 
droplets is flattened, also resulting in a flatter overall 
size histogram. Compare results presented in Fig. 6, 
for r /=  0.8, with those of Figs. 2 and 5(a), for r /=  0.4. 

If small droplets donate mass to large droplets (see 
Fig. 7), then the 'purple' and the 'overall' histograms 
shift drastically to the right, as expected. 

The importance of the present results lies in the 
capability of experimentalists nowadays to measure 
such size histograms [20-23] and thus to conduct 
experiments under specified controlled conditions that 
will enable one to verify the general theory and to 
extract, with the aid of the present theory, submodels 
for the rate of head-on collisions, the rate of inertial 
coalescence, and the overall rate of evaporation. A 
similar effort to measure droplet collision rates in a 
hollow-cone spray generated by a pressure-swirl ato- 
mizer was recently carried out in a pioneering exper- 
imental study conducted at NIST by Zurlo et al. [24]. 

In addition, we note that the opposed flow con- 
figuration has begun to attract attention for basic 
experimental and theoretical [25-28] studies of spray 
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Normalized n ~ s  concentration histograms 
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Fig. 2. T:Lme evolution in mass concentrations (given in terms of drop-size histograms) for the 'blue', ' red'  
and 'purple'  sprays due to mass exchange between droplets during head-on collisions, without evaporation ; 

for case LDS, large droplets donate 40% of their mass to small droplets. 
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Normalized mass concentration histograms 

Case LDS: 
large droplets donate mass to small droplets 
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Fig. 3. Time evolution in mass concentrations (given in terms of drop-size histograms) for the 'blue', 
'red' and 'purple' sprays due to mass exchange between droplets during head-on collisions, and due to 

evaporation ; for case LDS, large droplets donate 40% of their mass to small droplets. 
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Normalized mass concentration histograms 
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large droplets donate mass to small droplets 
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Fig. 4. Time evolution in mass concentrations (given in terms of drop-size histograms) for the 'blue', 'red' 
and 'purple' sprays due to mass exchange between droplets during head-on collisions, and due to evap- 
oration and inertial coalescence ; for case LDS, large droplets donate 40% of their mass to small droplets. 
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Fig. 5. Comparison of the time evolution in the overall ('blue' + 'red' + 'purple') mass concentrations (given 
in terms of drop-size histograms) given : (a) head-on collisions only ; (b) with evaporation ; and (c) with 
evaporation and with inertial coalescence ; for case LDS, large droplets donate 40% of their mass to small 

droplets. 
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Fig. 6. Time evolution in the 'purple' and the overall ('blue'+ 'red'+ 'purple') mass concentrations (given 
in terms of drop-size histograms) due to head-on collisions only, r/= 0.8 ; for case LDS, large droplets 

donate 80% of their mass to small droplets. 
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Fig. 7. Time evolution in the 'purple' and the overall ('blue' + 'red' + 'purple') mass concentrations (given 
in terms of drop-size histograms) due to head-on collisions only, t /=  0.8 ; for case SDL, small droplets 

donate 80% of their mass to large droplets. 

combustion, although these have so far been restricted 
to situations in which the spray of  droplets is intro- 
duced in one of  the opposing jets only. Introduction 
of  a spray of  liquid oxidant and/or  a second liquid 
fuel into the second jet will undoubtedly invoke head- 
on collisions of  the sort we have examined here. The 
conditions for mass transferring head-on collisions in 
such circumstances can be estimated in terms of  the 
Weber number, which is defined as 

W e  = p ( r l  + r2)u2 /6 (43) 

where r~ and r 2 are the radii of  the two colliding 
droplets, p is the fluid density, a is the surface tension 
and u is the relative velocity at collision. For  collisions 
between n-heptane and n-octane droplets we note that 
these hydrocarbon fuels have densities at 400 K of 
0.61 x 103 and 0.63 x 103 kg m -3, respectively, whilst 
their surface tensions are 11.54x 10 -3 and 
13.25 x 10 -3 N m - l ,  respectively. Taking head-on col- 
lisions between droplets of  radii 5 and 100 pm gives a 
Weber number of  about  

W e  ~ 5.5u z. (44) 

The relevant range of  Weber numbers for head-on 
collisions under which mass exchange occurs in the 
manner we have analyzed is given by Jiang e t  al.  [4] 
as 0.1 < W e  < 50 (domains I, II and III of  ref. [4]). 
Substituting these limits into equation (44) leads to 
a relative velocity at impact in the range 
0.135 < u < 3.015 in units of  meters per second. These 
sorts of  velocities occur with those used in the exper- 
imental work of  Chen and Gomez [25] on laminar 
counterflow spray flames, so that we foresee our analy- 
sis assuming relevance in appropriate modelling of  the 
counterflow combustion set-up. (We also point out  
that using these data enables us to bracket the size 
range for the control volume of our analysis. A typical 
experimentally used value of  the strain rate parameter, 
a, is of  the order of  100 s -~. Combining this with the 
aforementioned range o fu  leads to a length dimension 
of  the control volume 1.3 x 10  - 3  ~< X ~ 3 x 10  - 2  m.) 

Finally, we turn to an estimate of  the inertial coales- 
cence parameter, Zine~i,J coal . . . . . .  [equation (42)]. Mak-  
ing use of  the maximum values of  the (inertial) col- 
lision frequency measured by Zurlo e t  al. [24] and the 
fluid dynamic data we have mentioned in connection 
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with head-on  droplet  collisions, leads us to conclude 

tha t  "/7inertial coal . . . . . . .  << ~'collision which is in keeping with 
the sort  of  colli,;ion D a m k o h l e r  n u m b e r  values we 
have utilized for our calculations.  

4. CONCLUSIONS 

New sectional equat ions  for mass  exchange between 
droplets  dur ing  head-on  collisions of  multisize (poly- 
disperse) sprays have been presented.  Solut ion of  
these sectional equat ions  for the following three spe- 
cial cases have been presented : (a) head-on  collisions 
only ; (b) with  evapora t ion  ; and  (c) with evapora t ion  
and  with inertial coalescence. These results indicate 
the relative con t r ibu t ion  of  each of  the above pro- 
cesses to the evolut ion in droplet  size d is t r ibut ion of  
the colliding sprays and  the newly formed droplets.  
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